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One-loop helicity amplitudes for H → gluons: the all-minus configuration
S.D. Badger a and E.W.N. Glover a
aInstitute of Particle Physics Phenomenology, University of Durham, Durham, DH1 3LE, UK
We use twistor inspired rules to compute the one-loop amplitude for a Higgs boson coupling to any number of
negative helicity gluons in the large top mass limit.
1. Introduction
Recent twistor inspired ideas have led to new
(on-shell) ways of computing both tree and loop
graphs [1,2,3,4,5]. While there is still much work
to be done in determining the most efficient way
of utilising these on-shell methods, it is clear that
they are extremely powerful in deriving analytic
results for specific helicity configurations of pro-
cesses with an arbitrary number of gluons.
As an application of the on-shell methods, here
we consider the one-loop amplitude for a Higgs
boson coupling to an arbitrary number of nega-
tive helicity gluons in the heavy top quark ap-
proximation.
2. The Higgs Model
In the Standard Model the Higgs boson couples
to gluons through a fermion loop. The dominant
contribution is from the top quark. For large mt,
the top quark can be integrated out leading to
the effective interaction [6,7],
Lint
H
=
C
2
H trGµν G
µν . (1)
In the Standard Model, and to leading order in
αs, the strength of the interaction is given by C =
αs/(6πv), with v = 246 GeV.
The MHV or twistor-space structure of the
Higgs-plus-gluons amplitudes is best elucidated
[8] by considering H to be the real part of a com-
plex field φ = 12 (H + iA), so that
LintH,A =
C
2
[
H trGµν G
µν + iA trGµν
∗Gµν
]
= C
[
φ trGSD µν G
µν
SD
+ φ† trGASD µν G
µν
ASD
]
(2)
where the purely selfdual (SD) and purely anti-
selfdual (ASD) gluon field strengths are given by
Gµν
SD
= 12 (G
µν+∗Gµν) , Gµν
ASD
= 12 (G
µν−∗Gµν) ,
with
∗Gµν ≡ i2ǫ
µνρσGρσ .
The important observation of [8] was that, due
to selfduality, the amplitudes for φ plus n glu-
ons, and those for φ† plus n gluons, each have a
simpler structure than the amplitudes for H plus
n gluons. Amplitudes can be constructed for φ
plus n gluons and for φ† plus n gluons separately.
Since H = φ + φ†, the Higgs amplitudes can be
recovered as the sum of the φ and φ† amplitudes.
3. Tree-level results
The tree-level amplitudes can be decomposed
into color-ordered partial amplitudes as
A(0)n (φ, {ki, λi, ai}) = iCg
n−2
∑
σ∈Sn/Zn
× tr(T aσ(1) · · ·T aσ(n))A(0)n (φ, σ(1
λ1 , .., nλn)) (3)
where Sn/Zn is the group of non-cyclic permuta-
tions on n symbols, and jλj labels the momentum
kj and helicity λj of the j
th gluon, which car-
ries the adjoint representation index ai. The T
ai
are fundamental representation SU(N) color ma-
trices, normalized so that tr(T aT b) = δab. The
strong coupling constant is αs = g
2/(4π).
The decomposition of the HGG vertex into the
selfdual and the anti-selfdual terms eq. (2), guar-
antees that the whole class of (colour ordered)
tree-level helicity amplitudes must vanish [8];
A(0)n (φ, g
±
1 , g
+
2 , g
+
3 , . . . , g
+
n ) = 0 , (4)
A(0)n (φ
†, g±1 , g
−
2 , g
−
3 , . . . , g
−
n ) = 0 , (5)
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for all n.
The tree amplitudes, with precisely two nega-
tive helicities are the first non-vanishing φ ampli-
tudes. These amplitudes are the φ-MHV ampli-
tudes. General factorization properties now im-
ply that they have to be extremely simple [8], and
when legs q and p have negative helicity, are given
by
A(0)n (φ, g
+
1 , g
+
2 , . . . , g
−
p , . . . , g
−
q , . . . , g
+
n )
=
〈p q〉4
〈1 2〉 〈2 3〉 · · · 〈n− 1, n〉 〈n 1〉
. (6)
In fact, the expressions eq. (6) for φ-MHV n-gluon
amplitudes are exactly the same as the MHV n-
gluon amplitudes in pure QCD. The only differ-
ence of eq. (6) with pure QCD is that the total
momentum carried by gluons, p1+p2+ . . .+pn =
−pφ is the momentum carried by the φ-field and
is non-zero.
The tree amplitude with all negative helicity
gluons, the φ-all-minus amplitude, also has a sim-
ple structure,
A(0)n (φ; 1
−, . . . , n−)
= (−1)n
m4H
[1 2] [2 3] · · · [n− 1, n] [n 1]
. (7)
Amplitudes with fewer (but more than two)
negative helicities have been computed with
Feynman diagrams (up to 4 partons) in Ref. [9]
and using MHV rules and recursion relations in
Refs. [8,10].
4. The one-loop all-minus amplitude
At one-loop the colour ordered decomposition
can be written,
A(1)n (φ, {ki, λi, ai}) = iCg
n
∑
σ∈Sn/Zn
×N tr(T aσ(1) · · ·T aσ(n))A(1)n (φ, σ(1
λ1 , .., nλn))
+subleading terms. (8)
The terms subleading in the number of colours
can be reconstructed from the leading colour
piece [11].
Expressions for the three-gluon amplitudes are
available in Ref. [12] while numerical results for
the helicity-summed four gluon amplitudes are
given in [13].
The one-loop amplitude is the sum of a cut-
constructible piece and a rational part,
A(1)n = A
(1),CC
n +A
(1),NCC
n . (9)
4.1. The cut constructible contribution
In a landmark paper, Brandhuber, Spence and
Travaglini [14] showed that it is possible to cal-
culate one-loop MHV amplitudes in N=4 SYM
using MHV rules. The calculation has many
similarities to the unitarity based approach of
Refs. [11,15], the main difference being that the
MHV rules reproduce the cut-constructible parts
of the amplitude directly, without having to worry
about double counting. This is the method that
we wish to employ here.
The four-dimensional cut-constructible part of
one-loop amplitudes can be constructed by join-
ing two on-shell vertices by two scalar propa-
gators, both of which need to be continued off-
shell. We can exploit the tree-level vertices with
an arbitrary number of gluons of Eqs. 6 and 7
to compute the one-loop amplitude with an arbi-
trary number of negative helicity gluons. There
PSfrag replacements
φ
φ
φ
(a)
(b)
(c)
+
+
+
+
+
+
−
−
−
−
−
−
1−
1−
1−
2−
n−
n−
n−
j− (j + 1)−
Figure 1. The three classes of diagram contribut-
ing to the cut constructible part of the one-loop
all-minus amplitude A(1)(φ; 1−, . . . , n−).
are three distinct contributions shown in Fig. 1.
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Each class of diagrams is composed of a phi-all-
minus amplitude and a pure gluon MHV ampli-
tude. Each diagram represents an integral over
the loop momenta of the product of the two ver-
tices. Note that only gluons circulate in the loop.
Fermions loops are eliminated by the specific he-
licity choice. The full amplitude is obtained by
summing over the cyclic permutations.
The contribution from a particular graph is
represented by
1
(2π)4
∫
d4L1
L21
d4L2
L22
δ(4)(L1 + P − L2)
×AL(l
−
2 , . . . ,−l
−
1 )AR(l
+
1 , . . . ,−l
+
2 ), (10)
where
Li = li + ziη, (11)
and both li and the reference vector η are light-
like.
If we consider the contribution from Fig 1(a),
we find that the product of tree amplitudes is:
ALAR =
m4H
[l1l2][l2l1]
(−1)n[l1l2]3
[l21][nl1]Π
n−1
α=1[αα + 1]
= A(0)(φ; 1−, . . . , n−)
[l1l2][1n]
[l21][nl1]
. (12)
Using momentum conservation this can be sim-
plified such that the numerator is independent of
l1 and l2. The delta function in eq. (10) reads
δ(4)(L1 + P − L2) = δ(4)(l1 + P̂ − l2), such that,
P = p1 + . . .+ pn (13)
and
P̂ = P − (z2 − z1)η ≡ P − zη (14)
and applying l2 = l1+ P̂ together with some sim-
ple spinor algebra yields,
[l1l2][1n]
[l21][nl1]
=
2P̂ .1P̂ .n− P̂ 21.n
(ℓ1 + 1)2(ℓ2 + n)2
−
P̂ .1
(ℓ1 + 1)2
−
P̂ .n
(ℓ2 + n)2
. (15)
Following ref. [14] and simplifying the integration
measure in eq. (10).
d4L1
L21
d4L2
L22
=
dz1
z1
dz2
z2
d4l1d
4l2δ
(+)(l21)δ
(+)(l22)
1
2
n−1
n
1
n
+      2
1
n
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Figure 2. Schematic of contribution from Fig
1(a).
= −2
dzdz′
(z − z′)(z + z′)
d4l1d
4l2δ
(+)(l21)δ
(+)(l22),
(16)
where z = z2 − z1 and z′ = z1 + z2. At this
point we notice that the integrand eq. (15) is in-
dependent of the z′ variable and hence we can
immediately integrate over this variable leaving a
four-dimensional phase space integral,
− 2πi
∫
dz
z
d4LIPS (17)
where
d4LIPS =
1
(2π)4
d4l1d
4l2δ
(+)(l21)δ
(+)(l22)
× δ(4)(l1 − l2 + P̂ ) . (18)
The remaining phase space integrals of the type
shown in eq. (15) can now be identified with the
cuts of scalar box and triangle integrals. The
phase space integrals can be computed using the
dimensional regularisation schemeby promoting
the phase space measure toD = 4−2ǫ dimensions
and have been evaluated by van Neerven [16].
The final integration over z can be simplified
by noting that the result is independent of the
choice of η for each dispersion integral [14]. Spe-
cial choices of η such as η = p1 or pn renders the
integrand independent of z. The final dispersion
integration over z therefore reconstructs the part
of the loop function which has the discontinuity
as given by the cut phase space integral.
As can be expected, the contribution from
Fig 1(a) is only associated with cuts in s1,n =
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m2H . Summing over the other diagrams and their
permutations yields the full unrenormalised cut-
constructible result for the all-minus amplitude,
A(1),CCn (φ, 1
−, . . . , n−) = cΓA
(0)
n (φ, 1
−, . . . , n−)
×
( n∑
i=1
(Tri(si,n+i−2)− Tri(si,n+i−1))
−
1
2
n∑
i=1
n+i−2∑
j=i+2
F2me(si,j , si+1,j+1; si,j+1, si+1,j)
−
1
2
n∑
i=1
F1m(si,i+1, si+1,i+2; si,i+2)
)
(19)
where the dimensionally regularised loop func-
tions are
Tri(s) =
1
ǫ2
(
µ2
−s
)ǫ
, (20)
F 1m(s, t;P 2) =
2
ǫ2
[(
µ2
−s
)ǫ
+
(
µ2
−t
)ǫ
−
(
µ2
−P 2
)ǫ ]
−2Li2(1− aP
2)−
π2
3
+2Li2(1− as) + 2Li2(1 − at) +O(ǫ) (21)
where a = (P 2 − s− t)/(−st) and
F 2me(s, t;P 2, Q2) =
2
ǫ2
[(
µ2
−s
)ǫ
+
(
µ2
−t
)ǫ
−
(
µ2
−P 2
)ǫ
−
(
µ2
−Q2
)ǫ ]
−2Li2(1− bP
2)− 2Li2(1− bQ
2)
+2Li2(1− bs) + 2Li2(1− bt) +O(ǫ) (22)
where b = (P 2 +Q2 − s− t)/(P 2Q2 − st) and
cΓ =
1
(4π)2−ǫ
Γ(1 + ǫ)Γ2(1− ǫ)
Γ(1− 2ǫ)
. (23)
For completeness, we note that
A(1),CCn (φ
†, 1−, . . . , n−) = 0, (24)
so the full cut-constructible result for the Higgs
coupling to any number of negative helicity glu-
ons is given entirely by eq. (19).
4.2. The non cut-constructible contribu-
tion
The rational part of the amplitude cannot be
reconstructed from unitarity cuts. We note that
it is possible to fix these terms using the collinear
limits [11,15]. We also note in passing that there
has been recent progress in using recursion rela-
tions to determine these contributions [17]. Here,
we use Feynman diagrams and observe that the
quark loop contribution fixes the rational part.
This reduces the number of external legs in the
relevant Feynman diagrams by one. The ampli-
tude for three negative gluons is given in [12]. For
four gluons, we find that the unrenormalised am-
plitude is,
A
(1),NCC
4 (H, 1
−, 2−, 3−, 4−)
=
Np
96π2
[
−
s13〈4|1 + 3|2]2
s123 [1 2]
2
[2 3]
2 +
〈3 4〉2
[1 2]
2
+2
〈3 4〉 〈4 1〉
[1 2] [2 3]
+
s12s34 + s123s234 − s212
2 [1 2] [2 3] [3 4] [4 1]
]
+3 cyclic perms (25)
where Np = 2(1−NF /N).
4.3. Checks of the result
4.3.1. Infrared poles
The singular limit of the one-loop amplitude
has a very prescribed form [18]. Inserting the ex-
plicit expressions for the loop integrals in eq. (19)
and keeping only the singular terms, we find the
expected result
A(1)n (H, 1
−, . . . , n−) = −
cΓ
ǫ2
[
n∑
i=1
(
µ2
−si,i+1
)ǫ]
× A(0)n (H, 1
−, . . . , n−) +O(1). (26)
4.3.2. Collinear limit
In the collinear limit, the four gluon amplitude
factorises as illustrated in Fig. 3 onto a H → ggg
amplitude multiplied by a g → gg splitting func-
tion. We have checked that eq. (19) and eq. (25)
together produce the correct limit [11,15].
4.3.3. Soft Higgs limit
For the case of a massless Higgs boson, we can
consider the kinematic limit pH → 0. In this
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Figure 3. Schematic of the collinear limit of the
all-minus one-loop amplitude. Open circles rep-
resent loops, while shaded circles represent trees.
limit, because of the form of the HGµνG
µν inter-
action, the Higgs boson behaves like a constant,
so the Higgs-plus-n-gluon amplitudes should be
related to pure-gauge-theory amplitudes [19]. In
this limit, the tree-level all minus amplitude van-
ishes, and therefore so does the cut-constructible
contribution. The rational part for four glu-
ons eq. (25) simplifies considerably, the first and
fourth terms in the square bracket vanish, while
the other two terms combine using spinor algebra
and momentum conservation and we find,
A(1)n (H, 1
−, 2−, 3−, 4−)
−→ 4A(1)n (1
−, 2−, 3−, 4−) (27)
where [20],
A
(1)
4 (1
−, 2−, 3−, 4−) = −
Np
96π2
〈1 2〉 〈3 4〉
[1 2] [3 4]
. (28)
5. Outlook
In this paper, we described the calculation of
the cut-constructible part of the one-loop ampli-
tude for a Higgs boson coupling to any number
of negative helicity gluons in the large top mass
limit. The finite rational contribution was pre-
sented for four gluons. In principle, the on-shell
methods can be employed to compute both the
rational terms for an arbitrary number of gluons
as well as the amplitudes for other helicity con-
figurations.
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